LOCAL CLASS FIELD THEORY VIA LUBIN-TATE THEORY 

TERUYOSHI YOSHIDA 



Abstract. We give a self-contained exposition of local class field theory, via Lubin-Tate 
theory and the Hasse-Arf theorem, refining the arguments of Iwasawa |9]. 



Resume. Nous presentons une demonstration complete de la theorie du corps de classes 
locale via la theorie de Lubin-Tate et le theoreme de Hasse-Arf, en raffinant des arguments 
d'lwasawa [5]. 

1. Introduction 

We prove local class field theory via Lubin-Tate theory and the Hasse-Arf theorem. 
The only prerequisites are Galois theory (including cyclotomic extensions, finite fields and 
infinite extensions) and some basic commutative algebra summarized in Appendix I. We 
have tried to make the paper self-contained, to the extent of repeating proofs of standard 
results on local fields and avoiding topological arguments using compactness. Our argument 
is close to Iwasawa [9] , but the main innovation here is to use the relative Lubin-Tate groups 
of de Shalit [5] to prove the base change property (Theorem 15. 15p directly, without proving 
the local Kronecker- Weber theorem first. 

Theorem A (Local Class Field Theory). (i) For any local field K , there is a unique 
homomorphism Artx '■ — > Gal{K''^'^ / K) , characterized by the two properties: 

(a) If TT is a uniformizer of K, then Art/^(7r)|i^ur = Frobi^-. 

(b) If K'/K is a finite abelian extension, then ArtKiNj^i /x{K'^))\k' = id. 
Moreover, Artx is an isomorphism onto Wf^ := {a \ crli^ur £ Frob^} C Gal{K'^^ / K) . 

(ii) If K'/K is finite separable, then ATtK'{x)\x'^b = AvtKiNx/ /k{x)) for all x G K'^ , 

and Aiix induces an isomorphism K^ /Nki jk^K''^) Gal((-R'' n K'^^)/K). 

Notation. The cardinality of a finite set X is denoted by A ring means a commutative 
ring with a unit, unless stated otherwise. For a ring A, we write for its group of units. 
For a field -F, we usually (implicitly) fix its algebraic closure F and separable closure F'^'^p, 
and regard any algebraic (resp. separable) extension of F as a subfield of F (resp. F'^^p). 
For a finite separable extension F' /F, we denote the norm map by Npi/p : F'^ F^ . We 
denote the maximal abelian extension of -F in F by F^^. 
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For a positive integer n not divisible by charF, the splitting field of X"^ — 1 over F is 
denoted by F{fj,^) {cyclotomic extension), which is an abelian extension such that its Galois 
group naturally injects into (Z/(n))^. We denote the set of roots of X" — 1 by For 
X € , we write {x) for the subgroup := {x" | a G Z} of F^ generated by x. We denote 
a finite field consisting of q elements by Fg. For each n > 1, we have Fgn = ¥q{^^„_i) in 

¥q. The Galois group Gal(Fg/Fg) is isomorphic to Z := limZ/(n), the profinite completion 

of Z, by sending the q-th power Frobenius map x i-^ x'^ to 1. 

2. Local fields and complete extensions 

2.1. Complete discrete valuation fields (see Appendix I). Let K be the fraction 
field of a CDVR O := Ok (the ring of integers of K) with maximal ideal p := px, such 
that its residue field k := O/p is a perfect field. A generator of p is called a uniformizer of 
IT. We denote its valuation by f = vk ■ Z. If K' / K is a finite separable extension, 

then K' is the fraction field of a CDVR Oi^-', namely the integral closure of O in K' , and 
the residue field k' of -ftT' is a finite extension of A:. The ramification index e = e{K'/K) 
and the residue degree f = f{K'/K) of K' /K are defined by pOx' = Pk> and [k' : k] = f. 
Then [K' : K] = ef, and vk'\k>^ — ^''^K by definition. UK" /K' is another finite separable 
extension, clearly e{K"/K) = e{K" / K')e{K' / K) and f{K"/K) = f{K"/K')f{K'/K). We 
say K' / K \s unramifiediie = 1, and totally ramified \i f = 1. By the multiplicativity of e and 
/, any intermediate extension of an unramified (resp. a totally ramified) extension is again 
unramified (resp. totally ramified). Now for any finite separable K' /K, if F is the Galois 
closure of K' , then as the action of Ga\.{F/K) preserves Op and hence also vp, we have 
vk{Nk>/k{x)) = ^^^^vf{Nk'/k{x)) = ^j^vpix) = -^f^j^VK'ix) = f{K' /K)VK'{X) 
for all X € K'^ , i.e. we have vk ° N^' /k = f ' '^K'- 

For any separable extension E/K (not necessarily finite) in K^^^ , the ring of integers 
Oe of E is defined as the integral closure of O m. E. li E = IJ_ft'' -^') where K' /K are 
finite separable, then Oe = Ux' ^K'- As pK' C px" whenever K' C K" , we have an ideal 
PE ■= Ui^'Px' oi Oe, and O^, = {jj^, O^, = Oe\Pe- Therefore O^; is a local ring with 
the maximal ideal p^;, and E = \J K' = Frac(C'£;). 

Definition 2.1. We call a separable extension E/K unramified (resp. totally ramified) if 
it is a union of unramified (resp. totally ramified) finite extensions of K. We say E/K is 
finitely ramified if is a finite extension of an unramified extension of K. 

Lemma 2.2. Let E C K^^^ be finitely ramified over K . 
(i) The ring of integers Oe is a DVR. 

(n) IfE'/E is finite separable, then E'E = E' and EOE' = E. 
(iii) E n K'^P = E. (Hence E = E' ^ E = E' for E, E'/K finitely ramified.) 

Proof, (i): liE/K is unramified, then pK' = pOx' for all finite intermediate K' /K, therefore 
pE = POe and Oe is a DVR. If E' is finite over E, then Oe' is the integral closure of the 
DVR Oe in E' , hence a DVR. (ii) follows from Proposition II. ll f ii) . (ii) implies (iii). □ 
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2.2. Local fields and their complete extensions. In the rest of the article, we fix a 
prime p, and let K denote a local field, i.e. a complete discrete valuation field whose residue 
field /c is a finite field of characteristic p. Then char = or and if char K = 0, then 
X is a finite extension of the p-adic field Qp. Finite unramified extensions of local fields are 
classified using the following lemma (see Appendix I for its proof): 

Lemma 2.3. (Hensel's lemma) Let n>l with {p,n) = 1. Then fj,^ C k ■<=^ /x„ C K. 

For n > 1, let := K{fj,^n_i) and kn be its residue field. Then Kn/K is unramified 
(Proposition II.2p . and F^n C k^ by the above lemma. As Gal{Kn/ K) = Gal(A;„/Fq) shows 
that an element of Gal{kn/^q) is determined by its action on fign_i, we have kn = ¥qn and 
[Kn : K] = n. Conversely, if K' /K is unramified of degree n, then the residue field of K' 
is Fq", hence Hqn_i C K' by the above lemma, and we see K' = by comparing the 
degrees. As Kn C Kn' for n | n', the union := Un>i is an infinite Galois extension 
of K (the maximal unramified extension of K), and by the above isomorphism: 

Gal(i^"7i^) ^ limGal(Fgn/Fq) ^ Gal(Fg/Fg) ^ Z. 

The arithmetic Frobenius f G Gal{K^'^ / K) is defined as the element which reduces modp to 
the q-th. power Frobenius map of Fg, and its inverse is denoted by Frobi^- := y?"^ {geometric 
Frobenius). Unramified extensions of K are none other than subfields of K^^, hence always 
abelian over K. If E'/K is a separable extension, then E' and E := E' (1 K"'^ have the 
same residue fields. When E'/K is Galois, we define its Weil group by W{E'/K) := {a € 
Gal(£"/i^r) I a\E € Frob^}, which is an extension of W{E/K) (a quotient group of Z) by 
GaliE'/E). liE/K is finite, then W{E'/K) = Gsl{E'/K). 

Definition 2.4. We call the completion L = E oia, finitely ramified ( §2.ip extension E of K 
a complete extension of K (\i E/K is finite, then L = E). Then Ol = Oe '^s a. CDVR with 
the maximal ideal = ^eOl- The complete extensions correspond bijectively to finitely 
ramified extensions E/K by Lemma 12.2( 111). When E/K is unramified, we call L = E a 
complete unramified extension of K. 

The K := K^"^ is a complete unramified extension of K, and we write O := O^, p := p^. 
We consider every complete unramified extension L/K as a subfield of K, in which case 
pL = pCi and a uniformizer of L is also a uniformizer of K. Let L' = E' he a complete 
extension of K, and set E := E' D K^^. Then L = is a complete unramified extension 
of K, and L',E',E,L all have the same residue fields, i.e. L'/L is totally ramified. We 
consider every complete extension L' /K as a subfield of K^^'p via L C K. 

Definition 2.5. Let L' be a totally ramified extension of a complete unramified extension 
L/K. When L'/L is finite, we say L' is Galois over K if for all i £ Z, the = Frob]^* € 
Aut(L/i^) extends to [L' : L] distinct elements of Aut{L'/K). In general, we say L' is 
Galois over K if it is a union of finite extensions of L which are Galois over K. In this case 
we define the Weil group of L'/K by W{L'/K) := {a £ K\xi{L'/K) \ G Frobl}, which 
is an extension of W{L/K) (a quotient group of Z) by Gal(L'/L). When L = K, define 
v = vk: W{L'/K) ^ Z by cj|l = Frob^''^ 
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This terminology coincides with the usual one when L/K is finite. When L' = E' for 
finitely ramified Galois E' /K, then every a G Gal(£"/i^) induces O-automorphisms of Oe' 
and OE'/p^t for all m > 1, hence of Ol' = Oe'- Therefore it extends to a i^-automorphism 
of L', and we have a canonical injection Gal{E' / K) — > Aut(L'/-f^)- Therefore, as a totally 
ramified extension oi L = E for E = E' f] X™, we see that L' is Galois over K (because 
[L' : L] = [E' : E] by Lemma E^Jii)), and canonically W{E'/K) ^ W{L'/K). By passing 
to the limit, this last isomorphism extends to the case where L' = E'L with a general Galois 
extension E' /K. 

3. Formal groups and Lubin-Tate groups 

3.1. Formal groups. Let ^ be a ring, not the zero ring. In the formal power series ring of 
one variable A[[X]] := l\mA[X]/{X"^) over A, the ideal (X) C ^[[-'f]], consisting of all the 

m 

elements with constant term equal to 0, is a monoid under the composition f og ■= f(g{X)) 
with X as the identity. For / G (X), there exists an satisfying / o /^^ = /^^ o f = X 
if and only if the coefficient of X in / belongs to A^ . Also, we use similar notation for 
/ G (X) C ^[[AT]] and a power series of several variables F G ^[[Xi, . . . , with no 
constant term: 

foF:= f{F{Xi, Xn)), Fof:= F{f{Xi), G A[[Xi, . . . , 

Definition 3.1. A formal group over ^ is a formal power series of two variables F{X, Y) G 
^[[X, y]] which satisfies the following: 

(i) F{X, Y)=X + Y (mod deg 2), 

(ii) F{FiX,Y),Z) = FiX,F{Y,Z)), 

(iii) F{X,Y) = F{Y,X). 

Precisely speaking, these are commutative formal groups of dimension 1. The basic ex- 
amples are the additive group Ga(X, Y) := X + Y and the multiplicative group GmiX, Y) := 
X + Y + XY. 

Let F be a formal group over a ring A. If we let f{X) := F{X,0), we have f{X) = 
X (mod deg 2) by (i), hence f~^ exists. By (ii), we have / o / = /, hence we get f{X) = X 
by composing with f~^. Similarly we have F(0,Y) = Y, hence F does not have a term 
containing only X or Y, apart from the linear terms X + Y. Therefore we can solve 
F{X, Y) =0 with respect to Y and get a unique ipiX) G A[[X]] satisfying F{X,iFiX)) = 0. 
If we define the addition +i? on the ideal {X) C ^[[^]] by 

f+Fg:=F{f{X),g{X)), 

then (X) becomes an abelian group with as the identity and ip ° f as the inverse of /. 

Definition 3.2. Let F,G be formal groups over A. A power series f{X) G (X) C ^[[^]] 
is called a homomorphism from F to G if it satisfies 



foF = Gof, i.e. f{F{X,Y)) = G{f{X),f{Y)), 
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and we write f : F ^ G. Two homomorphisms compose via the composition of power 
series, with f{X) = X as the identity id : F ^ F. If exists, it defines : G F and 

/ o = o / = id. In this case / is called an isomorphism and we write / : F G. 

The set Hom^(F, G) of all homomorphisms from F to G is an abelian group under +g- 
Moreover, Endyi(-F) := IIom^(F, F) is a (not necessarily commutative) ring with +^7' as the 
addition and o as the multiplication. 

3.2. Lubin-Tate groups. We return to the notation of ^2.2^ i.e. is a local field with the 
ring of integers O and its maximal ideal p, and O/p = ¥q where q is a power of p. Let L be 
a complete unramified extension of K ( ^2.2\i . As pi = pOl, we write modp for modpOz,. 
Let (p be the arithmetic Frobenius, extended to a i^-automorphism of L. For a (z L and 
i £ 7j, we write a'''' := v'*(a). For a power series F over Ol, we define -F"^* by applying y?* 
to all coefficients of F. If F is a formal group over Ol, so is F'^\ 

Definition 3.3. For uniformizers 7r,7r'of L, set Q^y := {9 e Ol \ 9'P/9 = tt' /tt}. It is an 
additive group. If 6* G Q^y and 9' € 0^/ then 99' € Q^y,- We have O C Q^ .^ (actually 
we will see O = by Lemma [O^i)). 

Lemma 3.4. Let tt be a uniformizer of L, and let f G satisfy: 
(3.2.1) fix) = ttX (moddeg2), /(X) = X« (modp). 

Let vr',/' be another such pair. Assume that 9i,...,9t G ^nir'- Then there is a unique 
F G Ol[[Xi, . . . , Xt]] satisfying the following: 

F = 9iXi + ■■■ + 9tXt (moddeg2), /' o F = F'^ o /. 

Proof. It suffices to show that for each m > 1, there is a unique polynomial F^ of degree 
< m that satisfies the conditions moddeg(m + 1). The case m = 1 is assumed, and suppose 
we have F^, and let Gm+i ■= foFm-F^o f. Then as Gm+i = F^ - F^iXf, ... , X?,) = 
(modp), its coefficients are divisible by tt' . Now we show that a homogeneous polynomial 
H„i+i '■= Fm+i — Fm of degree m+1 is uniquely determined. We need f oFm+i — F^j^^o f = 
Gm+i + if'oHrn+i-H'^j^^of) = G^+i + (tt'^^+i " TT^+^F^+i ) (mod deg(m+2)) to vanish. 
For any monomial of degree m+1, if we let 7r'/3 be its coefficient in Gm+i, and a its coefficient 
in Hm+u then vr'/? + vr'a - ^™+ia^ = 0, hence a = ^,^^(7r™+V7r')^+^+ -^'"V^'- □ 

Proposition 3.5. Let f,f' G be as above, with linear coefficients 7r,7r' respectively. 

(i) There exists a unique formal group Fj over Ol such that f G Homo^ {Ff,Fj) . (We 
call Ff the Lubin-Tate group associated to f .) 

(ii) There is a unique map [•]/,/' : 0^,^' ~^ i-^) ^ ^^[[^1] such that: 

[9]fj>{X) = 9X (moddeg2), /' o [9]fj, = [9]l^, o /. 

It satisfies [9]fj> +f,., [9']fj, = [9 + 9']fj,, [9']f,j. o [9]fj, = [99']fj„. 
(ifi) We have [9]fj: G Homo^ (F/, F//) for all 9 G 6^^^,. 



6 TERUYOSHI YOSHIDA 

Proof, (i): Lemma [331 for vr = vr', / = /', t = 2, 6*1 = 6^2 = 1 gives a unique Ff £ Ol[[X, Y]] 
with Ff = X + Y (mod deg 2) and f o Ff = Fj o /. As Ff{Y, X) enjoys the same property, 
Ff{X,Y) = Ff{Y,X). Similarly, Ff{Ff{X,Y),Z) and Ff{X,Ff{Y,Z)) both satisfy the 
conditions of the lemma for t = 3 and 6i = 62 = = 1, hence are equal. Thus Ff is 
a formal group and / € Homc)^(Fj, Fj"). (ii): Lemma [3.41 for t = 1 gives [0]fj'. The 
properties characterizing [G + G']fj' (resp. [96']fjii) are shared by [0]fj' +Ff, [^']/,/' (resp. 
[^']/',/" ° [^]/J') because: 

/' ° ([^] [0']) = if o [^]) (/' o [^']) = {[9]^ [er) o / = m +F^, mr o / 

(resp. /" o {[6'] o [9]) = [e'Y o /' o [6]) = [OT o [OY o / = ([^'] o [^])^ o / ). 
(iii): For [6\ := [0]fj', we have [9] o Ff = Ffi o [0], because the equalities: 

/' o ([^] ° Ff) = W °f°Ff = {[Of o Ff) o / = {[9] o F^)'^ o /, 
/' o (Ff, o [^]) = Ff o /' o [6] = (Ff o [0]'^) o / = (Ff, o [9])^ o /, 
show that both sides satisfy the conditions of Lemma [33] for it = it' , t = 2, 9i = 92 = 9 . □ 
Example 3.6. // K = Qp, tt = p and f = {I + X)p - 1, then Ff =Gm = X + Y + XY . 

Corollary 3.7. (i) The map [-Jj := [■]fj ■ O — > Endc)^(-Fj) is an injective ring 
homomorphism. (Hence {Ff, [-jf) is a formal O-module.J 
(ii) If 9 € 0^'^/ := 0^7r' ^^L' ^^^'^ I^]/,/' ^'^ isomorphism with the inverse [9^^f'j- 

Example 3.8. We have vr e Q^^-^'^, and H/jv = f : Ff ^ Ff for f satisfying 113. 2. by 
uniqueness. (Also note that Ff = Ffv and [9]^f fi = [(^^]ff,f'f by uniquness.) 

Definition 3.9. Generalizing Example [33 define fm ■= Z^""' o • • • o /v' o / e Ol[[X]] for 
m > 1, and set fo{X) := X. Then, by Example 13.81 and Proposition 13. 5l fii): 

fm = [tt'^"' ^]jr^m-ij^n, o ■■■ o [7r'^]^^^^^2 o [tt] / jv- = [vT^] jj^™ (Vm > 0), 
where we define £ Ol hy -Km ■= YVt^^ ^^'^ "^o '■= 1- 

4. Lubin-Tate extensions and Artin maps 

4.1. Lubin-Tate extensions. Here we fix a complete unramified extension L of K. 

Definition 4.1. Let / G Ol[X] be a monic polynomial satisfying ()3.2.ip for a uniformizer 
vr of L. For m > 1, let be the splitting field of fm S Ol[X] (Definition 13. 9p over L, and 
let /xj„, := {q G I /m(a) = 0}. 

Example 4.2. /n Example\3M, we have fm{X) = b™]/(^) = (1 + ^)'''" - 1> t^f,m = 
{C — 1 I C G /^p™} '^'^^^ = L{fipm) for all m > 0. 

Lemma 4.3. Let m > 1 and f G as above, and set L' := Uf and [■] := [■]f. 

(i) The extension L'/L is separable and fJ-f^^n PL'- (In particular, we can substitute 
the elements of tJ'f^^. ^'^^^ power series over Ol (see Appendix I).) 
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(ii) For X £ with v{x) = m and a G p^scp ; 

a G tif „^ <^ [x]{a) = -^^^ [a] (a) = (Va G p™"). 

Proof, (i): The separability of L' /L is automatic when charX = 0, and in general it follows 
from Proposition III. II in the Appendix II (which in turn follows from Proposition I4.4l fi) 
when char K = 0). Now fJ-j^m ^L' as fm is a monic in If a G O^,, then fm{a), 

being = a"^™ (mod p^.' ) > '^il^ also be in O^,. Thus /ij„j C pi'- (ii): By Definition 13.91 we 
have [x] = [x/TTm]fv'"j o fm- As [x/iTm] is invertible, we see the first equivalence. The 
second one follows by = (x). □ 

Proposition 4.4. Let m > 1 and f G Ol[X] as above, with the linear coefficient vr. 

(i) The set fJ-f^m ^-^ '^^ O-module by +p^. and [-jf. For any a G fJ-f^ ■~ f^f,m \ /^/,m-iJ 
the following is an isomorphism of O-modules: 

(!?/p-9amodp-^[a]/(a)G/.^,^. 

(ii) If a G t^fm' ^^^'^ — ^Lj- — '^^"^ ^ (^^d a is a uniformizer of L^. 
The LJ" /L is totally ramified Galois extension of degree = q^^^{q — 1). 

(iii) We have canonical isomorphisms of abelian groups: 

Pf^m ■■ Ga\{Lj/L) ^ Auto(/x^,^) ^ (0/p-)\ 
(q I— [n]/-(a), Vq G fJ-f^m) ' — ^ umodp™" 

Proof. We write +/ := +Ff and L' := L™. (i): Lemma l4.3( ii) shows that /^j^m, is an O- 
module by +f, [■], killed by p™. The stated O-homomorphism is injective as [a] (a) ^ for 
some a G p™~-^ by Lemma [4.3( ii). hence surjective as jO/p™'! = = deg/m > |/^/,ml- 
(Thus l/^j^ml = q^ and hence is the set of all roots of fm/fm-i-) (h): We have 

f^f^m L[q) by (i), hence L' = L{a) and L'/L is Galois. Now the constant term of 
fm/ fm-i reads Tr*^™ ^ = riap/t'^ (~o;), and taking the vl' of both sides shows e{L' /L) = 
Y.VL'{-a) > \nlJ by LemmaSS^i). But = deg(/„//„_i) > [L' : L] > e{L'/L), 

hence all are equalities and fm/fm-i is irreducible, (iii): As +/, [•] have coefficients in Ol, 
for all a G Gal(L'/^), we have a{a +/ a') = a{a) +/ (t(q') and (T([a](a)) = [a](iT(a)), i.e. 
Gal(L'/L) acts on by O-homomorphisms. Hence we have a group homomorphism 

Pf,m ■ Gal{L'/L) — > AutoifJ-f^m)- This is injective as L' = L™, and AutoifJ-f^m) — 
(0/p™)>< by (i). It is surjective as | Gal(LVL)| = [L' : L] = |(0/p"^)^| by (ii). ' □ 

4.2. Artin map. In this subsection we use the notation ( )(*) := ( )'^' and := /^/{»),m 
for all i G Z. We extend Definition 13.91 to define ttj G for all j G Z by requiring 
TTj+j/ = TTji^T^j for all G Z, i.e. ttj := (vr~j)(j') for j < 0. Then VL{T^j) = j for all j G Z. 

Lemma 4.5. If 6 e 9^,^,, then 9^^^/ 9 = ix'^jiXj for all j G Z. Also, irj G Q^^u)- 
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Proof. Using = (^;./7r,)(^7^)^^'^ = (vr^./vr,)!^^/^)^^') = (^^-/^.Ol^^^'+'V^^^'^), ar- 

gue by induction in both directions. Take vr' = vr*^ and 9 = tt for the second claim. □ 

Lemma 4.6. Let f,f' S ©^[X] be as above with linear coefficients it, it', respectively. If 
G 0^'^/ (see Corollary % ii)), then for all m > 1, it gives an isomorphism [6] = [0]fji : 
f^f,m ~^ t^f',m of O -modules, and = LJ;. 

Proof. The [9] maps At/^m fJ^f^m because /^o [0] = [^](™) o/„. It is an O-homomorphism 
by Proposition I3.5f iil.(iiil. and is an isomorphism as [6~^] gives its inverse. As [9], [9'^^] € 
Ol[[X]], we have = C LJ and C L^, thus L^^^ = Lf,. □ 

Proposition 4.7. Xei m > 1 and f € ©^[X] as above, with the linear coefficient it. 

(i) The is Galois over K , and the following map is bijective for any a G t^fm- 

K^/il+pn 9 xmodl + p™ ^ [x^,]/,/U)(a) ^ JJ M^l" (^(^) = -J)- 

(ii) Lei L = K. The Pf,m of Proposition [4-4^ Hi ) extend to isomorphisms: 

on K, [xTTj]{a), Va G fJ-f^m) ' — ^ xmodl + p™ (v(x) = — j) 

Setting kj^ := Um>i -^j^' '"^^ '^Z ' ^i^f^/^) ^ passing to the limit. 

Proof, (i): If v{x) = —j, then xtTj G ©^'^(j) by Lemma hence [xtTj] : /^j^m /^/m 

Lemma HTGI As [xvTj] is O-linear, +p™) 9 x i-^ [3;7rj](a) G fJ-^f ]^ is bijective for 

each j. As L{a) = LJ- = L^^., by Proposition H^ii) and Lemma HTBl the ip^ G Aut(L/K) 

extends to by a ^ a' for each a' G /^j]^^, hence is Galois over i^. (ii): Let 
a G with a\j^ = ip^ . If a G /^j^' ^^^^^ '^(") ^ ^''^fm ^ hence (T(a) = [x7rj](a) for 

a unique xmod 1+p™ by (i). This holds for all a G because a{[a]f{a)) = [a]^p {a{a)) = 
[a]j{j)[xTTj\{a) = [x7rj][a]j(a) for all a G O (this shows the compatibility of pf^rn for varying 
m). The map pf^m is a group homomorphism because if r(a) = [yTiji\{a), then crT(a) = 
cr([y7rjv](a)) = [y7rj/](''^[x7rj](a) = [yn^p • X7rj](a) = [xy ■ 7rj_|_j'](a). It is bijective because it 
restricts to Gal(^f /^) ^ (O/p™)^ = ©^/(l+p™) by Proposition [O^iii) and the quotient 
W{k/K) = Frob| is mapped onto K'^/O'' ^ Z, i.e. u op^ „, = □ 

Proposition 4.8. The map ip : 3 9 i — > 9^/9 G is surjective. In particular, for any 
pair of uniformizers 7r,7r' of K, we have Q^'^ 0- 

Proof As 6^ ^ lim(0/p™)^ = lim (5^/(1 + p™) and ^/'(l + p'") C 1 + p'^, it suffices to 
show for every u G and all m > 1, there is 9^ G with ip{9m) = u (modp*") and 
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9m+i = Om (modp™). We get 9i because d ^ =9'^ ^ is surjective on (O/p)^ ^ F^. 
Suppose we have 6^, and let u/'ip{6m) = 1 + air"^ for a uniformizer tt of K. Then there is 
P e d with - P = a (modp) because ^i-^^-^ = /3^-^is surjective on 6/p = fg, 
and Om+i := + /^vr'") will do. □ 

Corollary 4.9. T/ie -RTj^ and Pf,m, hence also K^^ and pf, of Proposition \4^T\[ ii ) do not 
depend on f. (We will drop the subscript f and write K"^, pm, and p.) 

K X — 

Proof. For /, /' with linear coefficients vTjTt', take 6 € 0,^ tt' I^l ■ ^^f,m ~^ ^^f',m W 
Proposition SSI Lemma S^] shows Kf = KJ}. If cr(a) = [xTTj]{a) for a € W{Kf/K), then 
(T([0](a)) = [9]^^\x7rj]{a) = [xTTj][9]{a) by Lemma [^3} hence pf^m = Pf',m- D 

Definition 4.10. For any / G Ol[X] with L/K finite, set if'" := K'^'Lf. Then if""/ii: is 
finitely ramified, and Galois by Proposition I4.7r i). By Lemma 12.21 the completion of K'"^ 
is KLf = k"^ and K'" = n iT'^^P, thus independent of /. Setting K^^ := Um>i i^™ = 
^LTp^sep^ we have VF(ifL'^/if) ^ VF(.ft'L'^/iv:) by the remark after Definition EH We call 
a finite extension of iiT a Lubin-Tate extension if it is contained in K^'^. We call the inverse 
of p the Artin map of K and write Artj^- : W{K^'^ /K). We have v o Artx = v. 

5. Galois Groups, Norm Groups and the Base Change 

5.1. Galois groups. Now let L = Kn/K be the finite unramified extension of degree n. 
Proposition 5.1. Let 6 G e^'^ /or 7r,7r' G L. Then 9 e Nl/k{tt) = Nl/k{tt'). 

Proof. Lemma 14.51 for j = n shows 9^^'^ /9 = N i^j ^{j:') / N ^ i so use Lemma l5.2( i). □ 

Lemma 5.2. (i) For n>l, the fixed field of ip'^ in K is Kn- 
(ii) If L = Kn, then N = N^jx surjects onto v~^{n'L) C K^ . 

Proof, (i): As a set of representatives of O/p = Fg, we can take C := {0} U UnM/^g"-! 
by Lemma [2.31 Then ip^ acts on C, and its fixed set is C„ = {0} U fJ-qn_i C Kn- Now 
take a uniformizer vr of K, and consider the 7r-adic expansion in K with respect to C 
(see Appendix I). If x = Yl'S^v{x) ^i'^^ ^'^^ ^« ^ then x"^" = Yli^f '^^^ hence x'^" = 
X <^=^ Oi G C„ (Vi) <;=^ X G i^n- (ii): For a uniformizer vr of K, we have t'~"'^(nZ) = 
X (vr") and A^(7r) = vr", hence it suffices to show that N : is surjective. We 

have ^ limO>^/(l + p™), ^ lim 0^/(l + pj*), and 7V(1 + p^") C 1 + p"^, because 

A^(1 + P2') C {l + pf)nO = l + p"". Therefore it suffices to show that, for every x G and 
all m > 1, there is Um G satisfying N{um) = x (modp™) and Um+i = Um (modp™). We 
get ui by the surjectivity of the norm map (Ol/Pl)^ — > (C'/p)^ induced by A^. Suppose 
we have Um, and let x/N{uni) = 1 + avr™. Then there is /? G Ol whose trace = a (modp) 
because the trace map Ol/Pl — > O/p is surjective, and Um+i '■= Um{^ + /Jvr"^) will do. □ 
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Definition 5.3. Let x € with v{x) = n > 0. Take a uniformizer vr of L = with 
^l/k{'^) = X hy Lemma IS^ ii) ■ and a monic / € satisfying (j3.2.ip for n. Then for 

m > 1, the fields depend only on x by Proposition 15.11 and Lemma |4.6^ so we denote 
them by := LJ^, and set K^^'^ := IJm>i which are totally ramified over L. 

Proposition 5.4. For x € with v{x) = n > 0, the element a := Artj^(x) € W{K^^ /K) 
is characterized hy v{a) = v{x) and cr|_ft:ram = id. For all m > 1, the Artin map induces the 

isomorphism K^/((l + p'") x (x)) ^ G8l{K^/K). 

Proof. The a acts as Frob^ on L, and 7r„ = x implies [x7r_„] = [1] = id on hence 
a fixes Kl^'^. This characterizes o" because K^"^ = K'^^Kl.^^. It also shows that Artx 
(or p^) descends to the claimed map, which is bijective because it restricts to (O/p™)^ = 
Gal{K'J'/L) and induces K^'/lC x (x)) ^ Gal{L/K) on the quotients, as u oArti^- = t^- □ 

5.2. Coleman operator and norm groups. As above, let / £ be a monic poly- 

nomial satisfying (j3.2.ip for a uniformizer vr of L = i^^, and set x := Ni/j^{tt). We write 
+/ for -t-i?^ and fj,^ for /^j^m (we will not see roots of unity here), so K!^ = L(/x^). 

Lemma 5.5. Let g G 

(i) If g{a) = for all a G fj-i, then g = g' ■ f for some g' € ©Lif-'^]]- 
(n) For h e ©^[[X]] and m>l, we have ho f = (modp"") =^ h = (modp™-). 
(iii) // g{X +f a) = g{X) for all a S ^i, then g = ho f for a unique h G ©^[[X]]. 

Proof (i): For a G /Xi, g{X) = Y.iloO'iX\ g{a) = then if we let bi := Y.'jLoO.i+j+i^^^ ^ 
Ol' for each i > 0, then g{X) = {X - a) ■ E»=o ^^^^ Ol'[[X]]. As / is separable (by 
Proposition lILlI or Proposition 14.4^ 11 when charET = 0), repeating this, we get g{X) = 
f{X) ■ g'{X), and as g,f e Ol[[X]], also g' has coefficients in L n Ol' = Ol- (u): If m = 1, 
then ho f = h{X'^) (modp) proves the claim. Use induction for m > 1. liho f = Tr"^g, then 
by induction h = vr'""^ • h', thus h' o f = irg but the m = 1 case implies h' = (modp). 
(iii): If g{X +f a) = g{X) for all a G /^x; then we can write g{X) — g{0) = gi{X) ■ f{X) 
by (i). Now as f{X +f a) = f{X) /(a) = /(X), we have gi{X +f a) = gi{X). 
Repeating this procedure and setting g^ := g and gi{X) — gi{0) = gi+i{X) ■ f{X), we get 
9i^) = Y^'^odiiO) ■ fi^Yi hence h{X) := Y^^odii^)^^ gives g = ho f . Uniqueness follows 
from (ii), which implies /i o / = =^ h = 0. □ 

Definition 5.6 (Coleman [4], de Shalit [5j). For g G coefficients of the product 

riaG/^i (7(X +fOi) are O^-polynomials in the symmetric functions of /x^, hence they lie in 
Ol- Therefore by Lemma [53l iii) . we get a unique N{g) G ©^[[X]] satisfying: 

(5.2.1) N{g)of{X)= H g{X+fa). 

Clearly N{gig-2) = N{gi)N{g2)- Also, we set N^{g) := g and 

N"^{g):={N"'-\N{gr-')f (m > 1). 
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If we write N = Nj (called the Coleman operator), this means N"^ = N ^^m-i o- • -oNfv 
Lemma 5.7. For m >1, we have N''^{g) o /m(X) = Hae/Lt 9(-^ +/ 

Proof. The case m = 1 is the definition. Use induction on m. Fix a set C of representatives 
of fi^/ as O-modules, and extend ip to a if £ Gal{KJ^ / K) (Proposition 14. 7l fi)). Then: 

n g{X+fa)=l[ H g{X+fP+fa)=ll N{g) o f{X +f P), 

and f{X +f 13) = f{X) f{l3), but as C 9 /? ^ /(/3)^'' G t^m-i is a bijection, 
RHS = n N{g){f{X)+j.an = { J] W +/ 

equals (A^'"-i(iV(g)^'') o/^_i(/v'-\x)))'^ = Af'"(5) o/„(X) by inductive hypothesis. □ 

Lemma 5.8. (i) N{g) = g^ (modp). In particular, N{Ol[[X]]'') C Ol[[X]]'' . 

(ii) Form >l, if g = I (modp™), then N{g) = 1 (modp"^+^). 

(iii) Ifg€ C'l[[X]]^ and m>l, then N'^{g)/N'^-\g)'^ = 1 (modp™). 

Proof (i): As f{X) = X^ (modp), LHS of KTTh = iV(c/)(X«) (modp). On the other hand, 
if we write L' = K^, then Hi C pL', hence g{X +f a) = g{X) (modpj^/) for all a G /i^. 
Therefore RHS of KTTh = g{X)'> = g^^X'^) (modp^/), and we see N{g) = g^ (modp). 
(ii): If we let 5 = 1 + vr^/i and L' = K],, then 

N{g)of= H (l+7r™/i(X+;a)) = (l + 7r"MX))^ (modp^PiO 

= 1 + qTT"'h{X) + ■■■ n'^ihiX)'} = 1 (modp'"Pi,), 

hence {N{g) — l)of = (modp^pL'), and as it belongs to ©^[[X]] we have {N{g) — l)of = 
(modp™'^^). Therefore, by Lemma ISTST ii). we get N{g) — 1 = (modp'"^^). (iii): As 
N{g)/g^ = 1 (modp) from (i), apply (ii) to this m — 1 times. □ 

Definition 5.9. For a finite separable extension K' /K, we denote the image Nj^i j^iK''^) 
of the norm map ^k' jK '■ ~^ by N{K' /K). For any separable extension E/K, 
define N{E/K) := P|j^, N{K' /K) where K' runs through all the finite extensions in E. 

Proposition 5.10. N{K^/K) = (1 + p") x (x) for allm>l. 

Proof. Write L' = and take a G //^. By Proposition I4.4l fii) we have L'^ = O^, x (—a) 
and Ni,/j^{-a) = iVL/x(7r'^'"~^) = x, hence it suffices to show Ni,/j^{0^,) = 1 + p™. 
First we show N^i /j^(0^,) C 1 + p™. By the following Lemma 15.111 any u G O^, can be 
written as u = g{a), g G ©^[[X]]^. For i > 0, set Ui := N^{g){0). Then by Lemma 15.71 
we have Ui = Haefi^dia), hence Nl,/l{u) = Dae/x^ 5(a) = Um/um-i- Lemma EStiii) 
shows that Um/u^_^ G 1 + p™. Hence Nl,/k{u) = Ni/K{um/um-i) = NL/K{um/u'^^_^) G 
^l/k{^ + Pl ) C 1 + p™. The other inclusion (not used in the sequel) is seen as follows: 
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as is the fixed field of Artii'((l + p™) x (x)) by Proposition 15.41 if x'/x G 1 + then 
= K^. Therefore x' G N{K^/K) = N{K^/K) and 1 + C N{K^/K). □ 

Lemma 5.11. If L'/L is totally ramified and a is a uniformizer of L' , then O^i = OL[a]. 

Proof. If [L' : L] = n and x = Yl7=o '^i^^ i^i ^ -^)' then vl'{x) = minj{i;i'(aja*)}, as 
VLi{aia^) are all distinct. Thus (i) a; = =^ Oj = (Vi), (ii) x G Ol' <;4> Cj G (Vz). By 
(i), the set {1, a, . . . , a"~^} is a basis of V over L. This and (ii) imply Ol' C ©/.[a]. □ 

Corollary 5.12. If E/L is totally ramified and E contains K^J"^ , then N{E/K) = {x). 

Proof Proposition ElO] and nm>i(l + P"") = {1} imply N{E/K) C N{K'J"^/K) C (x), 
and N{E/K) contains an element with valuation [L : K] by the following lemma. □ 

Lemma 5.13. Let P = Pl .= vj^^{l) be the set of all uniformizers of a local field L, and 
E/L a totally ramified extension. Then N{E/L)^ := N{E/L) (1 P is non-empty. 

Proof. If L'/L is finite totally ramified, then N{L'/L)^ ^ as Nii/^ maps P^' into P. For 
a uniformizer vr of L, we have P = tt ■ = limP/(l + p^), where the quotient is taken 

by the multiplicative action. As Nii/i{l + p™,) C 1 + p™ for all m > 1, the N^i/i is the 
lim of Nm = : Pl'/{1 + pJ^O ^ Pl/{1 + P^)- We show N{L'/L)P = lmi(lmA^^) as 
subsets of P. If vr = {'Km)m £ lini(lmA^m)) then there is tt' G lim A'^"'^(7rm) as the lim of 

non-empty finite sets is non-empty, and N{tt') = tt. Converse is clear. Now for general E/L, 
every finite L'/L contained in E is totally ramified, and if L', L" C E then L'L" C E and 
ImiV^'^" C ImTV^' nlmiV^". Hence the intersection Hl' ^t^N^ in the finite set P/(l + p2'), 
where L' runs through all finite extensions in E, is non-empty. Thus lim(p|2,/ ImA'^ ) 7^ 0) 

and it is contained in lim(lmA''^') = N{L'/L)^ for all L', hence in N{E/L)^ . □ 
5.3. Base change and LCFT for Lubin-Tate extensions. 

Proposition 5.14. For a G W{K'"''^/K) with v{a) > 0, let E„ C i^'^P he its fixed field. 
Then N{E„/K) = (Art-i(cj|;^LT)). 

Proof. Let x := Art"^(o-|;^LT). By Proposition EH we have iiT™™ C E^, and E„ n /T™ is 
the unramified extension of K of degree v{a) = v{x). Hence Corollary 15.121 applies. □ 

Theorem 5.15. (Base change) For a finite separable K' /K, we have K^"^ C K'^"^ and the 
following commutes, i.e. for all x' G K'^ we have Art^'(x')|^LT = ArtK{Nj^i/j^{x')). 

K'x ^^Gal(i^'LT/K') 
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Proof. Take x G px' n K'^, and extend Arti^.(x) G W{K''^^/K') to a e WiK'^'P/K'). By 
Proposition Em we have {Nk'/k{x)) = Nk'/k{{x)) = Nk' /k{N{E„ / K')) = N{E„/K) = 
(Art^i(al^LT)). As vk{cj\k^t) = f{K'/K)vK'{cj) = f{K' / K)vk'{x) = vk{Nk> /k{x)), we 
obtain N^ii^{x) = Ajt'^{a\i^iiT). Therefore (t\j^iit = Kvtx{Nj^i ij^{x)) depends only on 
a\j^iLT^ which shows K^"^ C K'^^ and the commutativity, as px' r] K'^ generates K'^ . □ 

Corollary 5.16. (LCFT minus Local Kronecker- Weber) 

(i) There is a unique homomorphism Artx '■ — > Gal(i^^'^/i^) satisfying: 

(a) if IT is a uniformizer of K, then Artx(7r)|xu'' = Frobx, and 

(b) if K'/K is a Luhin-Tate extension, then KitxiNiK' / K))\x' = id. 
Moreover, the Krix is an isomorphism onto W{K^^ /K) C Gsl{K^'^ / K) . 

(ii) IfK'/K is finite separable, then K^^ C K'^^ , and Kit k'{x)\k'^t = Artii'(A''^//;^(x)) 

for all xeK"". The Art^ induces K''/N{K'/K) ^ Gal((K' n K^^)/K). 

Proof, (i): The map Art^ satisfies (a) by definition, and (b) by Theorem 15. 151 Conversely, 
if Art^ satisfies these, then for any uniformizer vr of K, (b) and Proposition I4.4( ii) im- 
ply Art^(7r)|xram = id. This and (a) show Art^(7r) = Artx(7r) by Proposition 15.41 As 
\s generated by the uniformizers, we get Art^ = Artx- The last claim was seen in 
Definition 11301 (ii): The first part is Theorem E^Sl and Arti^ induces IN{K' jK) ^ 
W{K^^ lK)l\vii(W{K'^^ IK')). This is isomorphic to Q&\{(K' r\K^^)lK), as W{K^^ jK) 
surjects onto Gal((K' n K^^)IK) and W(K'^^ jK') is the inverse image of w\k^^ jK) 
under Q,c,\{K'^^ jK') GcA{K^^ jK). □ 

Above proof of (i) shows that we only need totally ramified Lubin-Tate extensions for 
the characterization of Arti^-. The classical theorems of LCFT for Lubin-Tate extensions 
(instead of abelian extensions) follow easily from Corollary 15.161 for example: 

(i) For any finite K' jK, we have N{K' jK) = N({K'V\K^^)IK)) and {K"^ : N{K'/K)] < 
[K' : K]. Equality holds if and only if K'/K is Lubin-Tate. 

(ii) If K'/K is finite and K"/K is Lubin-Tate, then N{K'/K) C N{K"/K) K" C 
K'. If both are Lubin-Tate, then N{K" /K)/N{K' /K) ^ G&\{K'/K") by Art^'. 

(iii) If K' , K" /K are Lubin-Tate extensions, then: 

N{K'K"/K) = N{K'/K) n N{K"/K), N{{K' n K")/K) = N{K' / K)N{K" / K). 

(iv) [Existence theorem) For any finite index subgroup H C K^ containing 1 -|- for 
some m, there is a unique Lubin-Tate extension K'/K such that N{K' /K) = H. 



6. The Local Kronecker- Weber theorem 

We finish the proof of Theorem A by proving the local Kronecker- Weber theorem, i.e. 
K^"^ = K^^. This follows easily from the Hasse-Arf theorem (Gold [7] or Iwasawa [9], §7.4; 
see also Lubin [TO], Rosen [13]). We first prove the Hasse-Arf theorem following Sen |14j . 



14 



TERUYOSHI YOSHIDA 



6.1. Ramification groups. Let K' /K be a finite totally ramified Galois extension of local 
fields, and set G := Gal{K' /K). For a uniformizer vr of K', we have Ok' = Oln] by Lemma 
15.111 We write v := vk' and q = \0/p\ = \Ok'/Pk'\- 

Definition 6.1. Let i{a) := v{a{TT) — vr), where we set i{id) = oo. For n > 0, define 
Gn := W e G \ i{a) > n} = {a £ G \ ^(vr)/^ E 1 + p^„}. Then G = Go as K'/K is 
totally ramified, and G„ = {id} for sufficiently large n. They are normal subgroups of G, 
independent of the choice of vr, because Gn = {<t G G | w((T(a) — a) > n for all a G O/^/} is 
the kernel of the group homomorphism G 3 a i — > o-\oj^, modp^l'^ G Aut{OK' /p^^)- 

Proposition 6.2. For n G Z>o, we have the following injective group homomorphisms, 
independent of the choice of t: (they show that G is supersoluhle) : 

9o : Go/Gi ^(vr)/^ modpx' £ {Ok'/Pk'V = F,^ 

9n : Gn/Gn+i 3 cj ^ (fT(^)/vr) - 1 modp^+i G p^,/P^t' = Fg (n > 1). 

Proof. The maps are well-defined and injective by definition of G„. For a different uni- 
formizer vr' = uvr with u G C^/, we have a{i:')/T[' = {a{i:)/T[) ■ {a{u)/u), and if a G G„ then 
a{u) = u (modp^t^), hence a{u)/u G 1 -|- p^t"^, hence the maps On do not depend on the 
choice of vr. For a, r G G„, if u = t{i:)/-k, then aT{i:)/-K = ((T(7r)/7r) • (T(7r)/7r) • {a{u)/u), 
and as ti G O^, we have a{u)/u G 1 -|- p^^, therefore 0„ are group homomorphisms. □ 

Corollary 6.3. If G is abelian and Gn Gn+i, then eo := |Go/Gi| divides n. 

Proof. Let r G G„ and a £ G. We compute 9n{(TTa~^) using vr' = (T^-'^(7r). If r(7r') = 
7r'(l -|- a) for a G p^,, then 6'n(T) = amodp^t^ by definition. Then aTa^^{iT) = (Tr(7r') = 
(T(7r'(l -|- a)) = 7r(l -|- (T(a)), hence 9n{crTa^^) = a{a)modp^^ . If we write a = fovr" for 
b G Oii"' and (T(7r) = utt for n G O^,, then (T(a) = (T(6)(T(7r)"' = a{b)u""ir'^, and as (t(6) = 
6modp;<-/, we have a{a) = bn^vr" = n"a (modp^t^). Therefore 9n{crTa^^) = n"a mod p^t^. 
If G is abelian, then ara"^ = r, hence a = n"a mod p^^. If G„ 7^ G„+i, we can choose 
r G Gn with 6'„(r) 7^ 0, i.e. a G p^/ \ p^t^- Also, choose a £ G which generates Gq/Gi, i.e. 
6*0(0") = nmodp has order eo in {Ok' /Pk')^ ■ Then a = n"a (modp^l"^) implies eo | n. □ 

Lemma 6.4. For o- G Gi, we have f (Z]f=o^ o-*(a)) > f(a) for all a G i^'^. 

Proof. Replacing a by qx for x G -fC^ , we can assume a G Ok'- Let (o" — l)(a) := a{a) — a. 
Then o" G Gi implies v{{a — l)^~^(a)) > • • • > v{{(t — l)(a)) > v{a). The claim follows by 
YI^Zq 0"*(a) = {a — lY~^{a) (mod pa), which follows from ( — 1)*(^T^) = 1 (modp). This is 
seen from YHz] X* = {XP - 1)/{X - I) = {X - 1)p-^ in Fp[X]. □ 

Lemma 6.5. Let o" G Gi. For each n G Z, there exists a G K'^ such that v{a) = n and 
v{a{a) — a) = n + z(o""'). Moreover, any x G K'^ can be written as a sum x = 'Yl'^=v{x) 
(see Appendix I) where each x„ satisfies above two properties for n if Xn ^ 0. 

Proof. For the first part, if n > 0, then let a = YliZo ^^i'^) ^ uniformizer vr of K' (set 
a = 1 for n = 0). Then clearly v{a) = n, and a{a)/a = o""(7r)/7r, thus v{a{a) — a) = 
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v{a) + v{{a{a)/a) — 1) = n + i{a^). Also, satisfies the properties for —n. For the second 
part, note that C := {0} U is a complete set of representatives for Ok' modpj^', and a 
acts trivially on C as C C iT. Hence we can write x = CnCtn where Cn £ C and a„ 

is the a we constructed above. Thus x„ := c„a„ has the required properties if c„ 7^ 0. □ 

Proposition 6.6 (Sen [Hj). Let a G Gi, and \{(t)\ = p"^ for m > I (by Proposition Ig.gj) . 
Let Hn '■= Gn n (cr) for n > 1 and ij := i{(J^^) for j > (and ij := 00 for j > m). Then: 

(i) ij-i < ij if j < m. Also, = {(y^) if and only if ij^i < n < ij. 

(ii) i(cr'') = for a>l, where Vp := vq^. 

(iii) ij-i = ij (modp'), where 00 is understood to be congruent to any integer. 

Proof, (i): Lemma 16.41 for a = a^^ ^(vr) — vr shows ij^i < ij. We have {(T^^) C Hn if 
and only if a^^ G i.e. ij > n. As all subgroups of (a) are of the form (cr^^), we have 
(a^) D Hn {<^^'^) ^ Hn ^ ij-i < n. (ii): This is 00 = 00 if p"^ | a. If j := Vp{a) < m, 
then Hi^^i = {aP') and Hi^ = by (i), therefore a"" G H,^^i\H,^, i.e. i((T") = ij. (iii): 

We can assume ij < 00, and use induction on j. The assertion is empty when j = 0. Let 
j = 1, and assume the Inductive Hypothesis (the assertion of (iii) for j — 1). We first prove 
the Claim: the ij-i and n + i{cr^) for n (z Z, Vp{n) < j are all distinct from each other. 
As Vp{n) < j — 1, the Inductive Hypothesis shows f(cj") = i^ = ij^i (modp*'p(")+^), 
i.e. Vp{ij-i — «(cr")) > Vp{n), hence ij^i 7^ n + i{a^). Now assume n + i(o"") = n' + 
i{a"' ). If fp(n) 7^ fp(ra'), then Vp{n — n') = mm{vp{n),Vp{n')}, but the Inductive Hypothesis 
shows Vp{i{a'^) — i{a'^ )) > mm{vp{n),Vp{n')}, which is impossible. Hence Vp{n) = Vp{n'), 
therefore i(cr") = i(cr" ) and n = n' . Thus the Claim is proven. Now applying the Inductive 
Hypothesis to G Gi, we have ij-i = (modp-'"-'^). Let s := — ij and assume 
Vp{s) = j — 1, to see it leads to contradiction. The first part of Lemma 16.51 for shows 
that there is x G K'^ with v{x) = s and v{aP{x) — x) = s + i{{aPY) = s + ij = ij-i. Letting 
y := X]f=o ^n^); have v(y) > v{x) = s by Lemma [67i] and v{a{y) — y) = v{aP{x) — x) = 
ij^i. Now expand y = Yjn=v{y) Vn as in Lemma ESJ v{a{yn) - yn) = n + i{a"-) if ?/„ ^ 0. 
Let z := a{y) - y. Then v{z) = ij^i and z = Y.'^=v(y) ^n, where Zn := cj(yri) - yn, hence 
v{zn) = n+i{a'^) whenever Zn 7^ 0. The C/aim shows ^(z — ^j,^^^)^^ z^) < ij-i. If fp(n) > j 

and 7^ 0, then v{zn) = n + z(cj") >n + ij> v{y) + ij > ij^i, hence v{J2vp{n)>j ^n) > ij-i, 
a contradiction. □ 

Corollary 6.7. Assume G = Z/p^Z. Then there exist no,rai, . . . ,nni~i G Z>i sitc/i t/iai, 
for I < j < m — 1, we have = p"^~^ if and only if Yli=o "^iP^ < n < Yli=o '^iV^ ■ 

6.2. The Hasse-Arf theorem. Let G = Ga\{K' / K) with K' /K totally ramified as before, 
and \eiG>H with G/H = Gal{K"/K). For a €G, let a = aH e G/H be its image. 

Lemma 6.8. For all a £ G, we have i{a) = ^ J^reH ^(c'"'")- 

Proof. For a = id, we understand the equality as 00 = 00. Let a 7^ id, and take uniformizers 
vr' and vr" of K' and K" respectively, so that Ok' = Olir'] and Ok" = OiTi""] by Lemma 
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[5TT1 As i{a) = VK"{a{Tr") - vr") = ^ • VK'{a{TT") - tt"), if we let a = ^(vr") - vr" and 
b = riTG-ff('^^(^')~^')' suffices to show vk'{o) = v^'ib). Let the minimal polynomial of vr' 
over OK'^he f = Ureni^-^^')) ^ Ok"[X]. Applying a, we get T = Ureni^ - 'i^^'))^ 
where G Ok"[X] is obtained by applying a to the coefficients of /. Hence /'^(vr') = 
nre-ff('^' ~ o"T(7r')) = ±b. First we prove a | 6. As Ok" = 0[tt"], we have a \ a{x) — x for 
any x € Ok", hence a \ — f ■, therefore a \ /'^(tt') — /(vr') = ±6. Now we prove b \ a. 
Write vr" = 5r(vr') for g € 0[X]. The polynomial g{X) - vr" G Ok"[X] has vr' as a root, 
hence divisible by / in Oki/[X]. Applying a, we have \ g{X) — a^n") in Ok"[X], hence 
^(vr') - a(vr") = -a is divisible by /^(vr') = ±6. □ 

Proposition 6.9 (Herbrand). Define (^uin) '■= — 1+^ ^^^^ min{i(T), forn G M>o. 

Also, for n G M>o, define Gn := {cr G G | i(cj) > n + 1}, i.e. Gn = Gi if i (z Z>o and 
n€{i- Then GnH/H = (G/F)<^^(„) for all n G IR>o. 

Proof. For a G G/H, replace cr by the element in aH which has the maximal value of i, 
and let i{a) = m. Let t ^ H. If f (r) > m, then i(crT) > m, hence i^ar) = m. If i(r) < m, 
then i(r) > min{i(crT), i(cr~"'^)}, hence i(o"r) = ^(t). Therefore i(o"T) = min{i(r),m}. Now 
the Lemma 16.81 gives = — 1) + 1. Therefore, as (pn is increasing, for n G M>o we 

have a G GnH/H m > n + 1 > 4>H{n) + 1 G □ 

Lemma 6.10. iei (pGin) := — 1 + |^ ^^^^ min{z(r), n + 1} for n G M>o. Then: 

(i) </.g(0) = 0, (^G(n) = ^ EHi for n G Z>i. 

(ii) (/(G = (pG/H ° (t>H on R>o. 

n— 1 n 

Proof (i): ^ min{i(r),n + 1} = + 1)) + E + 1) = E l^^l' 

(ii): As (/)(0) = and is continuous and piecewise linear, we only need to compare the 
derivatives of both sides at n G (i — l,i) for i G Z>o. For LHS it is |Gn|/|G|, and for RHS 
it is {\{G/H)^^(^n)\/\G/H\) ■ i\Hn\/\H\) = \GnH/H\\Hn\/\G\ = \Gn\/\G\ by Proposition [6J] 
and Gn/Hn = Gn/{H n Gn) = GnH/H. □ 

Theorem 6.11 (Hasse-Arf). If G is abelian, n G Z>o and Gn 7^ Gn+i, then (pcin) G Z>o. 

Proof. First assume G = Gi. Then G = 0^=^ by Proposition 16.21 and we proceed 

by induction on j. When j = 1, i.e. G = Z/p^^Z, if Gn 7^ Gn+i then n = Yli=o^iP^ 
some < j < m — 1 by Corollarv 16.71 in which case (j)G{iT') = ^(^0 ■ p"^ + '^iP " + 
• • • + Ujp' ■ p^"^) G Z>o by Lemma l6.10f i). For j > 1, if G„ 7^ Gn+i we can find i/ with 
G/H?^ Z/p^-Z, and GnH/H / Gn+iH/H. We have (^//(n) G Z>o by inductive hypothesis, 
and {G/H)^^(n) + {G / H)^^,^n+i) = {G / H)^^(^n)+i by P ropo sition ESI As G/H is cyclic, 
we see (l>G/Hi't'H{n)) G Z>o, which is 4>G{n) by Lemma [6.10^ 11). Now when G 7^ Gi, set 
H = Gi and = cq. As 4>g/h{'^) = ''^/eo for n G M>o by definition, by Lemma[6T0jii) 

it suffices to show cq | (pnin) when n G Z>o and G„ 7^ Gn+i (we know (pnin) G Z>o). If 
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71 = then (pni^) = 0. Let n > 0. For any i E Z>i (where Hi = Gi) with Hi ^ Hi^i, 
we have cq | i by Corohary 16.31 hence cq | Y17=i and \H\ are coprime, we have 

^0 I (f'Hin) by Lemma r6.10( i). □ 
Definition 6.12. For m G M>o, set C" := G^-i^^^-^ (the upper numbering). 

Corollary 6.13. (i) If G t> H , then G"'H/H = {G/H)"" for all m G M>o. 

(ii) Let K' /K and K" /K he two Galois extensions with K'K" /K totally ramified. If 
GaliK'/K)"^ = G&\{K"/K)"' = {id} for m G ]R>o, then Gal{K' K" / K)"" = {id}. 

(iii) Let G be abelian. Then \G/G"^\ divides {q — for m G Z>o. 

Proof, (i): By Proposition 16.91 and Lemma [6.10l fii). we compute G^H/H = G^-i^^^-^H/H = 
= = (G/Hr- (ii): If G = Gal{K'K"/K) Ind G/H = 

Gal{K"/K), then G'^H/H = {G/H)"" = {id} shows G"" C H = Gal{K' K" / K"). Similarly 
C Gal{K'K"/K'), hence G"" = {id}, (iii): If n - 1 < 4>a^{m) < n forn G Z>o, then 
QTH _ Consider Gi for integers 1 < i < n. Then, by Theorem 16. IH Gj_i ^ Gi can only 
happen when (pd'i ~ 1) ^ and as < (pci^ — 1) ^ <pG{'n — 1) < m, at most m — 1 times 
for i > 1. By Proposition 16.21 |Gj_i/Gi[ divides q — i when i = 1 and q when i > 1. □ 



6.3. The Local Kronecker- Weber theorem. 

Proposition 6.14. Let x G with v{x) = n > 0. Let L = Kn and KJ^ as in Definition 
rOl Then we have Gal(ir™/L)™ = {id} for all m > 1 (see Definition\6A^. 

Proof. Let KJ^} = LJ and a G /x^,^. For a G Gal(Er™/L) \ {id}, we have i{a) = v{a{a)-a) 
by Proposition I4.4( ii) . where v = vkj^-- If Pf,m{(^) = umodp™ G (O/p"^)^ (see Proposition 
I4.4l fiii)). then a{a) = [u]f{a). For a / id, set P := [u — l]/(a). If vk{u — I) = i for 
< i < m, then /5 G fij^__i by Lemma I4.3( ii). Hence /3 is a uniformizer of by 
Proposition I4.4f ii) . which shows v{(3) = q^. Now cr(Q;) = [u]j(a) = a+//? = a + (3 (mod a/?), 
hence i{a) = v{a{a) — a) = w(/3) = g*. Thus for G = Gal(i^™/-L) and 1 < i < m, we have 
\Gn\ = \pjl{l+f)\ = q""-' for q'-' -l<n<q'-l. Thus Mq"" " 1) = M ^^=i~' I^*' = 
(g-i),^-i (E:^i(g' - 9'"') • ^""*) = and G™ = G,™_i = {id}. □ 

Theorem 6.15. (Local Kronecker- Weber theorem) Every finite abelian extension of a local 
field K is a Lubin-Tate extension, i.e. K^"^ = K^^. 

Proof. Take a a G W{K^'^ /K) with v{a) = n > 0, and let L = Kn- Extend a arbitrarily 
to cr G W{K'''°/K), and let E„ C iiT'^^ be its fixed field. Then n K''' = L and E^/L is 
totally ramified Galois. Now Gal{K''^/E^) = Z with cr 1 by the definition of E^. On the 
other hand, Gal(K"'"^^/K) = Gal(K"7L) ^ Z by ct 1, as (t|x- = FrobL. Therefore 
Gal(iv:^'^/^^) ^ G8l{K'''EjE^), i.e. K^^ = K'^^'E^. Now set x := Art^^(a). Then K'^""^ C 
E„ by PropositionEai As K^^ = K'^'Kf'^, it suffices to show E„ C /C^'^™. Let K'/L be any 
finite Galois extension contained in E„. It is totally ramified, and Gal(i^'/L)™ = {id} for a 
large m. Then we have Gal{K' / L)"^ = {id} by Proposition 16.141 and Corollary 16. 13( ii) . 
hence [K'K^ ■ L] \ {q - l)g™-i = [K^ : L] by Corohary EHKifi) , thus K' C K^. □ 
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Appendix I: Basic facts on DVR 

Here we gather some facts on DVR that are used in this article. The proofs omitted 
here can be found in Atiyah-Macdonald [I] and the Chapters I, II of Serre [IS]. A ring A is 
called a discrete valuation ring (DVR) if it is a local ring (i.e. has a unique maximal ideal), 
a PID and not a field. Let ^ be a DVR with the maximal ideal P, and let K be its fraction 
field. A generator of P is called a uniformizer of A. Each uniformizer tt gives a following 
isomorphism of abelian groups: 

A"" xZ3 {u,b) ^ u-TT^ £ K"". 

The second projection (valuation) vk ■ Z does not depend on tt, and setting ^^-(0) := 

oo, we have A = {x £ K \ vk(x) > 0} and P = {x £ K \ vk(x) > 0}. 

The completion of A is defined as ^ := lim A / P"^ , which is also a DVR with the maximal 

m 

ideal P := PA. If K = Frac(j4), then K := K ®a A. is the fraction field of A, which is 
called the completion of K. The canonical map A ^ A\s always injective (hence K C K), 
and if it is an isomorphism we call A a complete discrete valuation ring (CDVR). For 
example, the ring of p-adic integers TLp := limZ/(p™) is a CDVR with (p) as its maximal 

ideal, and its fraction field Qp is the p-adic field. A completion of a DVR is a CDVR, 

and A/P"^ A/P"^. If ^ is a DVR, choosing a complete set of representatives C for 
AmodP and elements Xn £ A with v(xn) = n for all n > 0, we can write any element of 
A = \miA/P^ uniquely as {^^=0 mod P"^) ^ with c„ £ C. (Incidentally, this shows 

that if |C| < oo then lA/P™! = ICI™.) We write this element as ^nXn (when x„ = tt"' 

for a uniformizer vr, this is called a ir-adic expansion). Choosing Xn £ K with v(xn) = n 
for all n £ Ij, any x £ K can be written as y + Yl,v(x)<n<G ^nXn for some y £ A, hence as 

Eoo ~ 
n=v{x) '^nXn- 

If A is a CDVR, then we can substitute xi,...,Xn £ P into any power series F £ 
A[[Xi, . . . , Xn]] with coefficients in A to get F(xi,...,x„) £ A. This is defined using 
A[[Xi, . . .,Xn]] = lim(^[Xi, . . . ,Xn]/(degm)) and A ^ limA/P"', by taking the limit of: 

m m 

^[Xi,...,X„]/(degm) 3 Fmoddegmi — > F(xi, . . . ,Xn)m^odP'" £ A/P"". 

Let ^ be a DVR, K its fraction field, L a separable extension of K of degree n, and 
B the integral closure of ^ in L, so that L = B ®a K and L = Frac(i?). Then i? is a 
finitely generated A-module, and as A is a PID, it is a free A-module of rank n = [L : K]. 
Also, B \s a, Dedekind domain, i.e. 1-dimensional integrally closed noetherian domain. If 
PB = Y\a=i QT prime ideal decomposition of the ideal PB of B generated by the 

elements of P, then Qi, . . . ,Qg are all the maximal ideals of B. Let Bi := limP/Q™ for 

m 

f 1^ i 1^ 9- As P is a finite free ^-module, the functor B^a and inverse limits commute. 
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hence the following canonical maps are isomorphisms: 

9 9 

B®aA^B® (^limyl/P™) ^ Im5/(PS)'^ ^ IhnJjB/Q^"' ^ PJSi. 

mm m j=i j=i 

Proposition I.l. (i) If A is a CDVR, then so is B. 

(ii) If B is also a DVR, then the completion L of L is isomorphic to L®k K (i.e. it is 
the composite field LK), and L (1 K = K in L. 

Proof (i): B = B ®a ^ and i? is a domain, hence g = I and B = B. (ii): B (^a ^ — B 
gives L®kK ^ L®k{K®a^) = L®b{B®a^) = L®bB = L. Now let K' := LnK and 
[K' : K] = m. As K'/K is separable, let K' = K[X]/{f) with deg/ = m. Assume m > I. 
As / has a root in K' C L, we have L (g)^ K' = L[X]/{f) = L x L' with an L-algebra L'; 
but then L ^ L ®k K ^ {L ®k K') ®k' K ^ {L x L') ®k' K ^ {L ®k' K) x {V ®k' K), a 
contradiction because L is a field. □ 

Assume 5 = 1 and Q = Qi in the following. As Q Ci A = P, the field kg := B/Q is an 
extension of kp := A/P, and as is a finitely generated A-module, kq/kp is finite. The 
ramification index e and residue degree f are defined by PB = and / = [feg '■ kp]. As 
vector spaces over kp, we have B/PB = {kgY (use Q-adic expansion), and the dimension 
of RHS is e/, and the dimension of LHS is the rank of B as an A-module, which is n. 
Therefore n = ef. Assume moreover that L/K is Galois and kp is perfect. We say L/K is 
unramified if e = 1 and totally ramified when / = 1. An element of Gal{L/K) induces an 
automorphism of B which maps Q onto itself, hence we have a group homomorphism: 

Gal(L/K) 3 a i — > alpmodQ G Aut^kq/kp). 

We can show that kq/kp is Galois and the homomorphism is surjective. As | Ga\{kq/kp)\ = 
/, the order of the kernel is e. The following gives an unramified example: 

Proposition 1.2. Let L = K{fj,^) (and g = 1). If char kp )(n, then L/K is unramified. 

Proof. We show that the above homomorphism is injective. As any element of Gal(ir (/x„) / K) 
is determined by the image of a generator C, € B^ of it suffices to show that if 
Q = (modQ) then C = ■ As C — ^ Q imphes C*"-' — 1 € Q, we only need to 
show C' - 1 ^ Q for 1 < i < n - 1. Substituting X = 1 to the identity l[7=ii^ " C) = 
(X" - 1)/{X - 1) = + + . . . + X + 1, we get nr=i^(l - C) = n, and as n i Q 

we have nr=i^(l - C^) / in the field kq, hence C' - 1 ^ □ 

Proof of Lemma \2.3i (<^=) follows from = (^^ (modp) =^ = , which we showed in 
the proof of Proposition II. 2[ We show (=^>). As there is a generator of /j„ in k = O/p, 
take its representative (i & O. As O = limC/p™, it is enough to construct € O for 

each m > 1 such that = 1 (modp™) and Cm+i = Cm (modp™). If we have Cm, let 
C = 1 + avr™ (modp™+i). Setting Cm+i = Cm + /3vr™, we need C+i = C + ^C"'/?^" = 
1 + (a + nC"^/?)^™ (modp™+^) to be = 1 modp™+\ hence /? = -a/nC"^ wiU do. □ 
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Appendix II: Separability of 

Here we prove the separability of fm of Definition 14.11 directly. It is used in the proof of 
Lemma l4.3( i) only when charX = P- On the other hand, it follows from Proposition I4.4( i) 
when char K = 0. 

Proposition II. 1. ForMm >0,fm^ is separable. 

Proof. Lemma III. 31 will show that = =^ fmi'^) for all a G L. □ 

Lemma II. 2. Let O' he an Oi-algebra, and f € as above. 

(i) Let O' be a domain and a e O' . If a ^ O'^ , then f'{a) / 0. 

(ii) Let O' be a domain and integral over Ol, and f{a) = (5 for a,f3£ O' . If a £ O'^ , 
then (a) /3 / 0, and (b) if p \ n in O' , then /? € C^. 

Proof (i): As vr | g in O, we have f'{X) = 7r(l + Xc/(X)) with g G Ol[X], hence if a ^ C^, 
then 1 + ag{a) ^ and /'(a) 7^ 0. (ii): As (3 = /(a) = a" + Trg{a) with g G Ol[X], we 
have P — 7rg{a) € O'^ if a G O'^ . As vr ^ O'^ because Ol is integrally closed, we have 
/3 ^ 0. If TT = pp', then /?(! - P'gia)) G O'^ , hence /3 G O'^ □ 

Lemma II. 3. Let a (z L, and let Ol[q\ he the Oi-subalgehra of L generated by a. 

(i) If fiia) ^ Oiia]'' for alio <i <m- 1, then f'^{a) + 0. 

(ii) Iffmia) = 0, then fi{a) ^ OlH"" for all < i < m - 1. 

Proof, (i): The claim is empty when m = as f^iX) = 1. We prove by induction 
on m: assume it is true for m — 1. As /m-i(a) ^ ©[a]^, by Lemma III.2r i). we have 
if^"" ^)'(/m-i(a)) 7^ 0. By the induction hypothesis, we have f[^_i{a) 7^ 0. Hence 
fmiot) ^ 0. (ii): If fi{a) = 0, then fj{a) = for Vj > i, so we can assume /«(«) 7^ 
for < z < m — 1. Then we have a \ f{a) \ ■ ■ ■ \ /m-i(a) I vr^ in 0[a], which is finite, 
hence integral, over O, as a is a root of a monic fm G ©^[X]. Now assume /«(«) G 
for some i. Ii i ^ m — 1, then /j_|_i(a) | it, hence /j+i(a) G ©[a]^ by Lemma III.2( ii). 
Therefore /m-i(a) G ©[a]^, but then /m(a) 7^ by Lemma ril.2( ii). a contradiction. □ 

Remarks on the literature 

The "relative" Lubin-Tate groups treated in §3, §4 and §5 are due to de Shalit [5], 
although proofs are omitted there. The exposition is based on Iwasawa [9j, with two notable 
differences. Firstly, in Iwasawa [9] the norm operator N is treated only for the "classical" 
Lubin-Tate groups, which proves the base change theorem for totally ramified extensions 
(and the part (i) of Theorem A), and then appeals to the local Kronecker- Weber theorem 
to prove the base change in the unramified case. Here we provided a uniform proof by 
using the norm operator in the general setting. Secondly, we separated the "geometric" 
(§3, §4) and "arithmetic" (§5) parts of the theory by defining the Artin map through an 
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arbitrary Lubin-Tate group over O, in the spirit of Carayol [2]. In §6 we combined Sen [T3] 
with the standard material from Serre [T5], Chapter IV. Throughout this article we avoided 
the use of topological rings/fields, and instead used the language of commutative algebra, 
which might be a somewhat new way of exposition. Needless to say, there are many other 
important approaches to local class field theory, see e.g. [3], [6], [8], [12], [15], and [16] . 
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